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Abstract. The reconstruction of a two-dimensional moving fluid from acoustic’ transmission
measurements is considered. The fluid is described by both a scalar index of refraction and a
vector velocity. If the measured data are assumed to be straight-ray geometric projections of
the flow, it is known that inversion for the vector velocity is an underdetermined problem. In
the present work, it is shown that if the measured data are assumed to satisfy a linearized time-
harmonic wave equation, then a unique inversion for the vector velocity is possible. This result is
a distinctly finite wavelength effect indicating why ray-based methods fail to produce a complete
reconstruction. A filtered backpropagation algorithm for the tomographic reconstruction of the
vector flow field is derived.

1. Introduction

Consider an acoustic wave probing a moving fluid. In general, both the scalar index
of refraction and the vector velocity describing the flow will be spatially varying with
both fields affecting the transmitted acoustic wave. Assume the flow can be probed from
many different directions. The inverse problem is to process the measured acoustic. data to
recover both the index of refraction and the velocity of the intervening fluid. Non-intrusive,
tomographic flow inversion has a variety of practical applications including biomedical
imaging, industrial or laboratory process monitoring and measuring ocean turbulence.
Flow inversion requires the reconstruction of both scalar and vector fields. Compared
to scalar inversion, relatively little research has been done or vector reconstruction. An
.early study of flow imaging was conducted by Johnson et al [1]. They measured the
acoustic time-of-flight between transmitting and receiving arrays. Neglecting refraction
and diffraction, the data were assumed to be straight-ray, geometric projections of the
flow along the transmission paths. Averaging the time-of-flight measurements from
opposing directions approximately cancelled the effects of fluid motion. The scalar index
of refraction was then reconstructed using standard techniques. Taking the difference
between opposing measurements yielded projections of that component of flow velocity
tangential to the direction of transmission. Efforts to reconstruct the flow velocity,
however, meet with limited success. Norton [2] later showed that only the divergence-
free (solenoidal) component of a two-dimensional vector field could be recovered from
tomographic experiments. Consequently, full velocity inversion is underdetermined if a -
straight-ray forward model is assumed. Winters and Rouseff (3] showed that the transverse
component of fluid vorticity could be recovered and derived a spatial domain inversion

1 Also with Department of Applicd Mathematics.

0266-5611/94/030687+11519.50 © 1994 10P Publishing Ltd ’ 687




688 D Rouseff and K B Winters

algorithm. A discrete version of this algorithm was tested on simulated flow fields typical
of turbulent mixing in the upper ocean thermocline [4]. :

In each of the cited references, a straight-ray model was used for the forward problem.
Clearly, this is an approximation. In a more accurate approach, an acoustic wave would be
- modelled by an acoustic wave equation. A tomographic method that uses a wave equation
in the forward model is called diffraction tomography [5]. In the present work, we show
that a two-dimensional vector flow field can be reconstructed using diffraction tomography.
Thus an inverse problem that is apparently underdetermined using a simple forward model
can be solved using a more accurate forward model. A filtered backpropagation algorithm
for the vector velocity is derived. The vector inversion algorithm is shown to differ in
several ways from the scalar inversion procedure derived by Devaney [6].

2. Diffraction tomography for flow inversion

Consider the propagation of sound through a two-dimensional moving fluid. The fluid is
characterized by a scalar index of refraction n(r) and a velocity vector u = (u, v). Here
T = (x, y) is the spatial position vector and u(r) is scaled by the reference sound speed
Co. As a forward scattering model, the total time-harmonic exp(—iwt) acoustic pressure p;
is assumed to satisfy

[V? + K2 ]p(r) = —k>F (r) py(r) — 2iku(r) - V pi(r) (M

where F(r) = [n*(r) — 1] is the scattering function and k = w/Cy is the reference
wavenumber.  This expression can be derived via a perturbation analysis from the
conservation of momentum and the conservation of mass relationships [7]. Equation (1)
neglects non-linear terms involving the flow velocity. A similar starting point was used by
Norton in a study of transient scattering by stratified fluids [8]. The total pressure can be
decomposed into the sum of the known incident field p; ensonifying the medium and the
resulting scattered field p. The integral solution to (1) is

Pe=pi+p (2)
where

p(r) = % / dr' [P F (') p(r') + 2iku(r’) - V p (e IH kir = 7])  (3)
14

. and where Hé” is the Hankel function of the first kind and order zero. The integration is
over the scattering domain. :

Assume the scattering geometry shown in figure 1. The incident field is a unit amplitude
plane wave propagating in the direction of the unit vector . The acoustic pressure is
measured along a linear receiving array at n = L where the scattering domain is confined
to a circular region of radius less than L. The mean flow velocity taken over the scattering
domain is assumed to be zero. Denote the measured scattered field as Ps(&) where the
subscript shows the explicit dependence of the measurement on the view direction .
For weak scattering, (3) can be linearized by making the Born approximation [9] and
the unknown total field in the integrand replaced by the known incident field. The resulting
measured scattered field is

po® =1 [ ar'tFG ~ 20w O kR) @
\4
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8C(x.y), u(x.y) \ ‘
pi=ekn

Figure 1. Schematic of acoustic transmission experiment. Incident plane wave p; probes moving
fluid characterized scalar sound speed perturbation 6C and vector velocity u. The coordinate
system (£, n) is defined by the probing direction ¢. Coherent scattered field py (€) measured at
n=L. :

where R? = (£ — &)+ (L —1')? and the integration is with respect to the fixed (unrotated)
coordinates ™' = (x', y).

We assume the fluid can be probed from a continuum of view directions ¢ € [0, 2mr).
The objective is to use this data set and the assumed forward scattering model (4) to recover
the scattering potential F and both components of the vector velocity u. The relationship
between the measured pressure and the unknowns can be expressed more simply in the
Fourier domain. Define the one- and two-dimensional transforms

poic) = / po(E)e™™ dE

. w oo | &)
Fky ky) = / / F(x, y)e ikx+hk) qy gy,
=00 v —00 .

Taking the transform of (4) yields

. ) |k3 eiyL - ' . 3

Do) = —2——},—[F(a, B) + 2singii(a, B) — 2cos pv(a, B)] 6)
where

x| <k

y=vkoe %

=rkcosp+ (k—y)sing
B =r«sing + (y —k)cos¢.
Note that the pressure transform depends not only on the scattering function but also each

component of velocity. The relative contribution from each velocity component depends
explicitly on the view angle. The restriction |«| < k can be interepreted as ignoring the
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evanescent component of the scattered field. Equation (6) is derived by using an integral
form of the Hankel function [10]

oo

H @R = [~y explitec &)+ y( ~ Ml ®

—00

For convenience, define the filtered scattered field as

= —iY L=
Dy(k) = —>e RES (9 R ©
2k :
"Consider thle scattered field heasured from direction ¢ + 7. If the medium is lossless,
the scattering function and the velocity are real functions. The associated transforms will
display a conjugate symmetry [11], e.g. F(a, B) = F*(—a, —B). From (6)9),

D} (k) = [F(a, B) — 2singit(e, B) +2cos pi(a, H)I. (10)
Taking the average of the filtered pressure data from opposing views yields

Gp(k) = 3Dy () + D} ()]

2" (11)
= F(a, B).

Equation (11) shows that by appropriately combining data from opposing views the
effects of the tluid motion can be removed. It is well known that if a simple ray model
is used in the forward scattering problem, the measured time-of-flight data from opposing
‘views are simply averaged to remove the first order effects of motion [1]. For the wave
equation approach taken here. the measured data from each view are a coherent (complex)
pressure field and the more complicated processing implied by (9)-(11) is required.

The known (k) maps onto a semicircle of radius & in the Fourier space of F (figure 2).
This type of mapping between the measured data and the unknown was first derived by Wolf
[12]. By making measurements over a continuum of view angles, Fourier space is effectively
‘filled’ out to a radius of v2k. The inverse transform of this data is then interpreted as
a low-pass filtered version of the true scattering function. Physically, the reconstruction is
low-pass filtered because details of the medium significantly smaller than the wavelength of
the probing wave cannot be recovered. Assuming a stationary medium, Devaney [6] showed
how to combine the measurements in a filtered backpropagation reconstruction algorithm.
Equation (11) suggests that by first preprocessing the data by combining opposing views, a
similar reconstruction algorithm for the scattering function could be derived for a moving
medium. The development closely parallels Devaney’s derivation and is omitted here for
brevity.

Averaging opposing views removed -the influence of the velocity and allowed the
scattering .function to be reconstructed. Taking the difference between opposing views,

1i[Dy(x) = D, (k)]
i sin it (. B) — i cos pi(a. B)

AgK)

]

(12)

-removes the effect of the scattering function. The known A¢(K) is a linear combination
of the unknowns i1 and v taken along semicircles in their respective Fourier spaces. The
objective is to separate these two contributions and reconstruct the individual components

-
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Flke.k,)
A &y

G,(x)

Figure 2. Fourier domain mapping for the scattering function F. The measured scattered fields
from opposing directions are Fourier transformed, filtered and appropriately combined to yield
ag (k). This fune(ion maps onto a semicircle in the Fourier space of F.

of the vector velocnty To accomplish this separation, a second relationship between i (a, 8)
and v(a, B) is required.

For the special case of a divergence free flow, the isolation of the two velocity
components is easily achieved. In Fourier space, a divergence free flow satisfies

wii(e, B) + Bii(e, B) = 0. (13)

Taken together, (12) and (13) constitute two equations for the two unknown velouty
components.

The reconstruction becomes more complicated if it is not known a priori that the flow
is divergence free. Assuming a straight-ray acoustics model, Norton [2] showed for this
more general case that the two velocity components could not be isolated; vector inversion
for this forward model is an underdetermined problem. We now show that by using the
wave-based forward scattering' model in (4), the inversion can be performed

Consider any point (a. 8) in the Fourier spaces of i and # where 0 < o? + B2 < 2k
It is clear that two data arcs will pass through this point (figure 3). Let k¥ = kcos x. It can
be shown that

' Ad,(k cos x) =isingu(a, B) —icos pi(a, B)

Ro(—kcos x) = icos(d + x)a(a. B) +isin(@ + x)i(e. ) o
where
O=¢+x+m/2 (15)
Using (7), the point (@. 8) can be written in terms of the two angles
afv=./<sin¢+kcos((b+x) |
(16)

B =—kcoso + ksin(p + x).
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The system of equations in (14) can be solved except when x = /2. From figure 3, this
corresponds in frequency to @ = 8 = 0, or, in the spatial domain, to the mean value of the
flow that is taken to be zero. Solving (14) yields

[a(a;m]_ =i [ sin@+x) cosg ~Z\,,s(kcosx)] a7
i(a, B) —cos(p+x) sing || Ag(—kcosy) |’

cos X

Figure 3. Fouricr domain mapping for the vector velocity components. Data from experiments
at view angles ¢ and ¢ + x + m/2 intercept at point (a, 8).

Equation (17).is a distinctly finite wavelength result. To show this, note that the radii of
the semicircles in figure 3 are equal to k and hence would increase linearly with frequency.
In the high frequency limit, the two semicircles approach straight lines that can then intercept
only at the origin. Consequently, a forward model that assumed an infinite frequency, i.e.
ray theory, would not be able to separate the two components of velocity; this is consistent
with Norton's result [2].

Equation (17) also suggests that there is not a simple one-to-one mapping between
the measured data at a single view and the unknown functions. To recover a particular
point (e, B), the processed data A must be used from two angles. From (12), each A
in turn depends on measurements made from opposing directions. Hence to isolate a
single point in the Fourier space of either velocity component, data from four views must
be appropriately processed and combined. The process of combining various views and
generating a reconstruction can be implemented in a filtered backpropagation algorithm.

3. Filtered backpropagation algoriihm for vector velocity

A tomographic reconstruction algorithm is directly tied to the assumed transmission model
for the forward problem. If the data are assumed to be simple projections of the unknown,
the reconstruction is often generated by filtered backprojection. The measured projections
from each view are first filtered and then backprojected along straight ray paths throughout
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the image space. Superimposing the individual images yields the reconstruction. If the
measured data are assumed to satisfy a wave equation, backprojection must be replaced
by backpropagation. In backpropagation, the measured data are propagated through the
image space using a range-dependent propagation kernel that compensates for diffraction in
the forward problem. Devaney derived the original filtered backpropagation algorithm for
reconstructing the scalar index of refraction for a stationary medium [6].

In this section, a filtered backpropagation algorithm for the vector velocity is derlved
Following Devaney, we assume the measured data from each view are continuous and noise
free and that the medium can be probed over a continuum of view directions. The result is
a closed form inversion that is exact to within the assumed forward scattering model and
that can be compared to the stationary medium result.

The 1ow-pass filtered version of the x-component of velocity is defined by

1 .
u|p(x‘y)=m f fm (e, )@+ du dp (18)

where R : 0 < o? + B2 < 2k%. The variables of integration are changed to the angles ¢
and x. Calculating the Jacobian from (16) yields

dr dB = k2| cos x|dé dx | (19)

and (18) becomes

2

k-
up(x, y) = -

o / d¢ / dx cos(x)ii(a, B+ 20)

where the limits on the x integration allow the absolute value from the Jacobian to be
dropped. Using the expression for i#(a. B) from (17) yields

up(x. y) = w4+ @ | -
where
—ik? [ /2 o |

ll(” = 472 / d¢/ dX Sin(¢ + X)A¢(k cos X)el(ax+ﬂ_‘-) (22)

T, A
2 —ik2 21 n/2 ) | | '

@ = a2 / d¢ dx cos(¢)Ag(—k cos x )@+, 23

T Je 0

Equation (23)-is rewritten in two steps. First, re-order the integrations and change variables
from ¢ to & via (15):
x+5m/2

- 1\ - ‘ ,
@ ! df sin(@ — x)Aa(—k cos x )el@* Y 24)

dx

0 x+m/2

where o and B from (16) are expressed in the new variables. Since the integrand is periodic
_in 6 with period 27, the limits can be changed to {0, 27). Again reordering the integrations
and letting x’' =7 — x yields

2y

2n
u de

big
dx’ sin(@ + x")Aq(k cos x')e' @+ (25)

7/2

S
R
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where o and B are again expressed in the new variables. Comparing (22) and (25) shows
that they differ only in sign and on the limits of integration. Recombining via (21) gives
finally

_ k2 2r
up(x,y) = — do f

A similar development for the y-component of velocity gives '

ikz 2. b 4 |
wpx. ) = 1oy /0 dg fo dx

Both low-pass reconstructions are real functions. To simplify the development, define the
complex combination of the two reconstructions as

sm(¢ + x)Ay(k cos X)e @, (26)

o )’(" cos(é + x)Agkcos )@, @27

Z(x,y) = up(x, y) +ivpp(x, ). (28)

By taking the real and imaginary parts of Z(x, y), low-pass filtered versions of the velocity
components u(x,y) and v(x, y) are extracted, respectively. Returning to the original
variable ¥ = k cos x and combining (26)—(28) yields ’ :

_— 2n . K ~ .
Z(x,y) = —k do e'“’/ de ¥~ sgn(i) (e + iy) Ay ()l @+ (29)
—k

where sgn is the sign function [l 1] taking values +1 for ¥ > 0 and —1 for x < 0.

Two observations can be made from (29). First, the integrand depends on A at the
single view angle ¢. The explicit combination of data at view angles ¢ and 8 suggested
by (21) has been built implicitly into the reconstruction algorithm. Second, the result is
similar in form to the standard filtered backpropagation algorithm: data from the various
- views are filtered, backpropagated and combined by integrating over ¢. In contrast to the
standard result, however, here the various views are phase shifted by the factor ¢'¢. The
need for this bias is suggested by the forward problem. For a given view angle, only those
components of velocity tangential to the incident plane wave, i.e. 7j - (uZ + vy), contribute
to the scattered field. The bias in the inversion compensates for the bias in the forward
problem.

From (12), A¢(K) is a filtered combination of the scattered field data taken from
opposing views. This preprocessing step. effectively removes the contribution from the
scalar index of refraction on the scattered field. Since in some practical applications this
contribution can be an order of magnitude greater than that from the vector velocity [13, 14],
its explicit cancellation may be desirable for stability in the inversion. For the ideal noise
free case considered here, preprocessing is not required and an inversion algorithm can
operate directly on the measured pressure. A convolutional backpropagation algorithm is
now derived that operates in the spatial domain on the untransformed data. Substituting (9)
and (12) into (29) gives ‘

Z(x.y)=2z" 4+ z%® (30)
where

-1
Bko?

2 . k : L .
z" = dgp e / dic sgn(ic)(k + iy) py(i)e " Lel@ ) (31)
0 —k

Z(Z) .
8km?

2n k
/ d¢ cl¢/ di sgn(k)(k + i}’)ﬁ;+n (K)e+iyLei(ux+py)‘ (32)
0 —k
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In (32), let ¢’ = ¢ + 7. Exploiting the periodicity of the integrand to chahge the limits and
returning to the original dummy variable yields

+1 2 . k . .
Z? = ———/ d¢ e‘d’/ dic sgn()(x +iy) pl(k)etirLei@x+8)  (33)
8kﬂ2 0 .—k ¢

Using figure 1, the reconstruction point (x, y) can be expressed in the rotated coordinates
(¢, n). Combining with « and g from (7) gives

ax + By = k€ + (y — k). (34

Make the final change of variables k — —« in (33). Then using (34) and recombining Z‘"
and Z® using (30) yields

-1 [ (@ . . . 4
20 =gz [ ¢ [ aels00G e m - FoGeie® 69

where

(36)

- <\ aikn iy (1—L)
Glen) = {;gn(x)(x +iy)ee k] < k

el > k.

Equation (35) gives the reconstruction as the inverse transform of the difference between
two products. This can be rewritten in terms of the untransformed data using the convolution

theorem [11]:

l —1 2” i < ' IN*pe! * gl ’
Z(x,y) = — d¢e’¢/ d&'[pp(ENG"(E" ~&.n) — pg(§NG(E — &, n)] (37
4k 0 -0 :
where the backpropagation kernel is given by the inverse transform
1 [ - .
GE.n) = f Gk, n)e™* dk. (38)
27 J o .

The reconstruction algorithm can be summarized as follows. For a particular view
direction ¢, the measured scattered field and its complex conjugate are convolved with the
backpropagation kernel and its complex conjugate as suggested by the inner integral in
(37). The resulting complex image is then phase shifted by e'®. The procedure is repeated
for all view directions with the resulting images superimposed. By taking the real and
imaginary parts of the combined image. low-pass filtered versions of the respective velocity
components u(x, y) and v(x. y) are extracted (equation (28)).

4. Discussion

Characterizing a moving, inhomogeneous fluid from acoustic transmission measurements is
an inverse problem with many practical applications. The approach used in the inversion
is largely predicated on the assumed forward model for the acoustics. If a straight-
ray transmission model is assumed, then inversion for the vector flow velocity is an
underdetermined problem. The primary result of this paper is that a complete inversion for
velocity is possible using a wave-based approach. The analysis establishes the information

A
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content of coherent pressure measurements for weak scattering at a single frequency. A°
filtered backpropagation reconstruction algorithm has also been derived.

The inversion procedure is limited to two-dimensional geometries and assumes noiseless,
continuous data measured over a continuum of view directions. The reconstructions are
necessarily low-pass filtered versions of the original fields as details smaller than the
ensonifying wavelength cannot be recovered. With these caveats, the inversions are unique
and exact to within the validity of the Born approximation and the assumed forward

- scattering model in (1). Criteria for the validity of the Born approximation are well
established and generally satisfied when the magnitude of the inhomogeneities is smail
compared to the background sound speed [9]. In deriving (1), terms involving spatial
derivatives of the velocity are presumed small and have been neglected. The contribution
to scattering from the neglected terms could become significant at spatial scales comparable
to the wavelength. Neglecting these terms in the forward scattering model may impose a
theoretical limitation on the inversion.

In a practical experiment, the flow could be probed from only a finite number
of directions. Measurement noise and three-dimensional effects could be significant.
The accuracy of the reconstruction would depend on the quality and quantity of the
measurements, and on how the inversion algorithm was implemented. Consequently, the
accuracy of a reconstruction is strongly dependent on the application. A study of these
factors is beyond the intended scope of this paper. The presented analysis is not intended
to model a specific physical situation or experiment, but rather to illustrate the advantages
of diffraction tomography in as simple a setting as possible. -

Various generalizations of this work can be contemplated. A wave-based approach
makes possible the use of broad band ensonification. Often there is a duality between
probing a medium from many directions using a single frequency and probing from a
limited number of directions using a broad band pulse. Extensions to three dimensions and
curved recording surfaces should also be possible. A further improved forward model that
retained some of the terms neglected in (1) is also desirable.
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